Introduction
On a filtered probability space (Ω, Ᏺ, {Ᏺ t } t≥0 , P ), we consider the following d-dimensional stochastic differential equation with jumps:
where x is an R d -valued random variable, a and b are respectively R d and R d ⊗ R m -valued measurable functions defined on R d , w is an m-dimensional Wiener process, z is an R d -valued compound Poisson process of the form z t = Nt i=1 ε i , N is a Poisson process with intensity parameter λ (≥ 0), ε i 's (i ∈ N) are R d -valued random variables satisfying P {ε i ∈ A} = A F (z)dz for any A ⊂ R d , and we put f (z) = λF (z). If z has a jump ε i at the time τ i then |∆X τ i | > 0 a.s., where ∆X t := X t − X t− for any t ≥ 0. We assume that w, N and ε i 's are independent to each other, and that (1.1) has a solution.
The statistical inference for jump-diffusion models is recently important in practice since the dynamics of asset prices in finance and insurance are modeled by diffusions with jumps. Particularly, the inference in the case where the process is observed at discrete time points would be of major interest for practitioners, since the real data are always discrete while the assumed model is a continuous-time process. If we can observe the complete path of the process; X T = {X t } t∈ [0,T ] then the inference is relatively easy since we can observe the exact jump size ε i and its exact jump time τ i . We can write the likelihood ratio of X T in an explicit form; see Sørensen (1989 Sørensen ( , 1999 where the maximum likelihood method for jump-diffusions was discussed. However if we can obtain only discrete samples X n = {X t n i } n i=0 for 0 = t n 0 < t n 1 < · · · < t n n = T then it grows too complex to write down the likelihood ratio of X n explicitly. Shimizu and Yoshida (2006) tackled that problem and proposed an approximation of the log-likelihood of X n . They proposed an asymptotic filter to judge whether or not a jump had occurred in an observational interval (t n i−1 , t n i ] of the form and t n i = ih n ; see also Shimizu (2006) . They showed that we could judge whether a single jump had occurred if |∆ n i X| > Lh ρ n in the interval (t n i−1 , t n i ], and that the real jump size could be approximated by ∆ n i X under the asymptotics that h n → 0 and t n n → ∞ as n → ∞. Using this judgement, they approximated the likelihood of X n as its natural discretization. It is intuitively easy to understand the condition that ρ ∈ (0, 1/2) in (1.2) since the expected variation of the continuous part of X on (t n i−1 , t n i ] is of order √ h n . That is, we expect that |∆ n i X| is at most of order √ h n if no jump occurs in (t n i−1 , t n i ]. Therefore it would be natural that the threshold Lh ρ n is asymptotically independent of how to select L > 0 and ρ < 1/2 under the asymptotics that h n → 0.
The asymptotic theory discussed in Shimizu and Yoshida (2006) or Shimizu (2006) does not indicate how to select the constants L and ρ in (1.2). However the most important problem in practice is to determine these constants since, for example, if we choose L as being too large then we might detect no jump in every interval, on the other hand, if we choose L as being too small, then we might always judge that a jump occurred in every interval. Moreover there is the same problem in selecting ρ. Indeed Shimizu (2006) showed some examples that the asymptotic theory does not work under the inappropriate selection of L and ρ even for an enormously large sample size, e.g. n = 15000. The same kind of examples are also displayed in Section 2. We must be very careful when we deal with discretely observed stochastic processes, without blindly believing in the philosophy of the asymptotic theory.
In the case of real data, the sample size n is fixed. We would like to choose a "good" threshold Lh ρ n in some sense according to the sample size n and the model. In this paper, we propose a method to select the suitable threshold which improves the performance of the estimators for some unknowns in the model (1.1). For that purpose, we simply consider a filter of the form
and determine the suitable threshold r n according to the model (1.1) and the sample size n.
Our plan of this paper is as follows. In Section 2 we recall the asymptotic filter and its practical problem discussed in Shimizu (2006) with some simulations. In Sections 3 and 4, we discuss what kind of r n should be selected, and in Section 5, we propose a numerical method to determine the desired r n without a theoretical discussion. Some simulation results will show the usefulness of our method. Section 6 is devoted to the theoretical discussion. Some mathematical validities for our numerical method are shown in a restricted situation. Section 7 gives a remark to apply our method to an unrestricted situation and notes some problems for the future.
The asymptotic filter and its problem
In this paper we suppose that process X is observed at discrete time points {t n i } n i=0 and that h n := t n i − t n i−1 does not depend on i = 0, . . . , n. The essential idea in Shimizu and Yoshida (2006) or Shimizu (2006) is to use the size of |∆ n i X| in order to judge the existence of a jump in an interval (t n i−1 , t n i ], and they used the jump-discriminant filter of the form (1.2). The key result to show the mathematical validity of using such a filter was the following: under some regularities on a and b, it follows for any ρ ∈ [0, 1/2), any L > 0 and any p ≥ 1 that
where
, and C p is a positive constant depending on p; see Lemma 2.1 in Shimizu and Yoshida (2006) . The condition that ρ < 1/2 is essential as described in Section 1. According to this result, the increment of X with continuous transition could hardly exceed the threshold Lh ρ n . Therefore we could judge a jump occurred if |∆ n i X| > Lh ρ n , and consequently, ∆ n i X can be an approximation of the jump size as h n → 0 as n → ∞.
However, as pointed out in Section 4.2 of Shimizu (2006) , the accuracy of the judgment of jumps for given L and ρ depends on each model, especially the diffusion coefficient and the distribution of jumps. That is, when we fix constant L and ρ independent of the sample size n then the filter does not work well in some models.
Let us show some simulations where the filter does not work well. Consider the 1-dimensional case of (1.1) with a(
2 ) and the Poisson intensity λ:
Set the true value of the parameter as (µ, θ 1 , θ 2 , λ) = (0.3, 0.5, 0.1, 3.0), and consider the two models as σ = 0.1 and σ = 0.3. We estimate the parameter (µ, σ, θ 1 , θ 2 , λ) jointly from the discrete observation X n with t n i = ih n via the method of Shimizu and Yoshida (2006) with a slight extension to the case where the Lévy density is bounded around the origin. We set h n = n −0.8 and ρ = 0.49.
In the case where σ = 0.1, we set L = 1.0 and obtain Table 1 . From this result, one may think that the filter works well. This is because the diffusion parameter σ is relatively small compared with the jump size. However, when Table 2 . The estimatorθ 1 behaves strange andλ is overestimated as the standard deviation increases. This is because the filter misjudges the jumps, especially it overestimates the number of jumps. This is the situation where the asymptotic theory does not work yet. In order to improve the performance of the estimation, we change the value L = 1.0 to a suitable number. Here we chose L = 1.8 as in Table 3 . Then the result were dramatically improved. These results indicate that we need to select L depending on the model and the sample size n. See Section 4.2 in Shimizu (2006) for other examples. Shimizu (2006) left the constant L in the threshold to describe some intuitive procedures for selecting the filter. However there is no theoretical reason to separate L and h ρ n in general. Therefore, in this paper, we rewrite the filter simply as in (1.3) and consider the selection problem of not L, but r n itself, which is the most important parameter in applications. In the next section, we discuss what kind of r n is suitable to improve the performance for fixed n. 
is an estimator of the Poisson intensity of jumps over the [0, 1] time interval. It is shown in Shimizu (2007) that this estimator was consist for λ unless X is ergodic, and it is easily found that (3.2) is asymptotically unbiased, that is, E[λ n (r n )] → λ as n tends to infinity. Therefore it is desired that at least the bias of the estimatorλ n (r n ) for large values of fixed n is as small as possible.
Let us estimate the following expectation analytically:
In the sequel we use the following notations:
Lemma 3.1. For any integer n, it follows that
where e n , T n and U n are sequences satisfying the following inequalities, respectively:
Proof. Notice the following decomposition:
Let the last term be e n then it follows from the Poissonian property that
, we see for the first term of (3.5) that
The task remains to estimate the second term of (3.5). Noticing that
on {J n i = 1}, we obtain the following decomposition.
Then we obtain the consequence by setting the following as:
This completes the proof.
A bias correction
Let b(r n ) be the bias ofλ n (r n ), that is,
Our final goal is to select an r n which minimizes the absolute bias |b(r n )|. However it would be difficult to estimate the bias directly, and what we can show is the upper and lower bounds of the bias. We easily obtain the following theorem from the previous lemma and the fact that λ
Theorem 4.1. Define˜ n and n as follows.
Then it follows that
Roughly speaking, we can regard n and˜ n as the first order terms of the upper and lower bounds, respectively since h n ∨δ n → 0 as n → ∞ under r n ∼ h ρ n for ρ < 1/2, which follows from (2.1). For these bounds, it is desired that the amplitude of the bias |˜ n − n |, which corresponds to a kind of variance, is as small as possible from the aspect of stability of the estimated bias. Therefore the threshold r n should be selected so that |˜ n − n | ≈ 0. On the other hand, if we concentrate only on minimizing the distance |˜ n − n | then˜ n might be strictly positive, or n might be strictly negative, which induce strictly biased estimators. Therefore the center of the interval [˜ n , n ] should be nearly to zero in order to make the maximum of the absolute bias as small as possible; the aspect of unbiasedness. Therefore r n should also be selected so that (˜ n + n ) ≈ 0. From these points of view, it would be natural to select r n which minimizes the following quantity:
The weight u should not be 1 since r n = 0 or ∞ is clearly selected in this case and each of them does not play a role as the filter. Therefore it is convenient to rewrite it as follows.
We would like to select r n which minimizes the function L n,w (r n ). Although we must note that it still has unknown functions such as and f , the target for r n would be defined as follows.
Definition 4.1. We denote by r (n,w) opt a minimizer of the function L n,w (r):
It is easy to see that r (n,w) opt is well defined for any n and w from the form of L n,w (r). A constant w is the weight on the amplitude of the bias; |˜ n − n |. Setting w as being large, one puts weight not on the unbiased estimation but the stable estimation. However too large a value of w can induce the definitely positive or negative bias. Since we do not obtain the exact bias but only less strict bounds from both sides, the aspect of unbiasedness should be given more weight rather than compulsory minimization of the bias range. Moreover, from the technical point of view, it is not necessarily that r (n,w) opt is determined uniquely if w > 1. Actually, if w → ∞, then the selected threshold would tend to zero or infinity as already pointed out. Therefore it would not be suitable to choose large w. If we have no prior information about the true bias then w = 1 would be appropriate.
In application, if we restrict w ∈ [0, 1] then r (n,w) opt is uniquely determined and is independent of w as the next lemma shows. The lemma implies that, if 0 ≤ w ≤ 1, minimizing L n,w is equivalent to finding an unique root of L(r) = 0.
where J w (r) = J (r) − w r/2<|z|≤2r f (z)dz. We see that the function Jw(r) is increasing in r for eachw ∈ [−1, 1] since we can rewrite Jw as follows. opt . However and f must be constructed by the filter which should be selected in our goal, so it goes back and forth! In the next section, we propose a plug-in method in order to avoid this dilemma, and we show the performance of the method in some simulations.
Direct plug-in method

Plug-in rule
The goal of this section is to estimate the threshold r (n)
opt from a finitely fixed n. For that purpose, we have to construct an estimator of L(r).
As a general notation, we denote byĜ n (x; r n ) an estimator of a function G(x) constructed by the data {X t n i } n i=0 and the filter Ᏼ n i (r n ). Using this notation, the natural estimator of J is written as follows.
Let us consider a 1-dimensional case of X for simplicity. In order to calculate the above integrals easily, it is convenient to usê
proposed in Shimizu (2006) , where δ ∈ (0, 1/2) is a constant, and φ is the standard normal kernel, i.e. φ(z) =
e −z 2 /2 . When we assume a parametric model for f , we can use a parametric estimator for J . On the other hand, the natural approximation of (r n ) =
is a local-Gauss approximation of the transition probability of α
Substituting β by the estimatorβ n (X t n i−1 ; r n ), we havê
We note that the above procedure can be easily extended to the multidimensional case. Now let us proceed to the algorithm to find the approximator of r 
• Step k(≥ 1). Solve the equation
and define the root as r = r Step k (k = 1, 2, . . . ) until the sequence {r
We call the kth solution to the equation ( * ) the k-stage threshold and call the functionL n (r; r (k−1) n ) the k-stage threshold selector . By the same argument as in Lemma 4.1, we see that the equationL n (r; r (k−1 n ) = 0 has the unique solution r (k) n for any k, n ∈ N.
We expect that lim k→∞ r (k) n exists and that the limit is near the value of r (n) opt in some sense. Before the theoretical study, we try this algorithm with simulations.
Simulation results
Let us show the performance of our threshold selectorL n using (5.2) and (5.4).
We consider a 1-dimensional data generating process as follows:
where z is the compound Poisson process with the Lévy density f (z) = (2) Observe one path of X at the time t n i = ih n , where h n = n −0.8 . (3) Calculate 1 to 7-stage thresholds solvingL n (r; r (k−1) n ) = 0 (k = 0, 1, . . . , 6) and the estimator of (µ, σ, λ) in each stage as follows; see Shimizu and Yoshida (2006) :
The experiment (1)- (3) Table 5 . The 1st-7th thresholds with a sample size of n = 3000. Each estimator is the mean over 300 iterations, and the s.d. is their standard deviation. These results show that our threshold selector can find r (n) opt approximately at the limit of the k-stage threshold, and as a result, the parameters are estimated well. Although we do not know yet if the k-stage threshold can theoretically converge to a positive constant, we can easily imagine that r (k) n stops absolutely after several stages in applications where only one sample path of X is available and the sample size n is fixed. Because, if r (k) n goes near r (n) opt , then the difference |r
| is getting small. Consequently, the estimated jump's number
n } is not updated, that is, I k = I k+1 for sufficiently large k. Furthermore the estimatorsˆ n andf n are not updated either. This yields that r
. Actually the variance of the last stage threshold is sufficiently small, and it indicates that we can always select the good threshold.
In this simulation, we chose the pilot threshold as r (0) n = 1.0, but we can check that any other choice of pilot threshold can also lead to similar results.
Theoretical discussion
What is the validity?
In this section, we investigate the asymptotic behavior of r (k) n as k → ∞ with fixed n ∈ N, and as n → ∞ after k → ∞.
According to the numerical studies in the previous section, the sequence {r (k) n } k∈N for fixed n seems to converge to a positive constant, which is near r (n) opt . Consequently, the limit of r (k) n as k → ∞ becomes a good threshold, and the corresponding filter shows a high-performance. Therefore we at least expect that the following convergences hold true: there exists a positive constant γ n for each n ∈ N such that
On the first property (6.1), though our greatest hope is γ n = r (n) opt for each n ∈ N, it may be impossible while n is finite. Therefore it will be desirable that
The condition (6.3) is described in Theorem 6.1, (6.14) more clearly.
The second property (6.2) is a necessary condition for the asymptotic filter. The √ h n -order is the order of the variation of continuous part of process X. Therefore it is desired that the speed of the convergence of the threshold is slower than √ h n in order to detect the variation of discontinuous part. In Shimizu and Yoshida (2006) , they used the asymptotic filter as {|∆ n i X| > Lh ρ n } for a constant L > 0 and ρ ∈ (0, 1/2), and this threshold certainly satisfies condition (6.2). Furthermore Mancini (2004) proposed a similar type of filter {|∆ n i X| > L √ h n log h −1 n } for a constant L > 0, which also satisfied the above conditions. Similarly we demand those conditions on γ n .
Mathematical validity
In order to show the mathematical validities (6.1)-(6.3) of our plug-in method, we first make the following assumption. This assumption implies that the function (r) is implicitly known. First we suppose that (r) is known. Therefore we consider the case wherê
We make some remarks later on the case where (r) is unknown.
LetÎ n (r; s) be an estimator of the integral |z|≤r f (z) dz constructed in some way using the filter {|∆ n i X| > s}. We assume the following.
A 2. For any r > 0 and any n ∈ N,
Remark 6.1. The family of such estimatorsÎ n (r; s) with above conditions is not empty. Actually, the density estimator (5.1) with (5.2) satisfies (6.5) if
for any k ∈ N , and (6.6) clearly holds true.
Although the following results are clear from the definition of the function L(r) andL n (r; r (k−1) n ), we present them as a lemma since those results will be used repeatedly below. n , respectively. Therefore, in particular ,
The following theorem shows the monotonicity of the sequence {r
Lemma 6.2. Let k ∈ N. Suppose Conditions A 1 and A 2. Then it follows that r
Noticing thatĴ n (r; r
n ), we see from the conditions (6.5) and (6.6) that
Lemma 6.1 yields that r
n . The last half of the statement follows by the same argument as above.
We make further assumptions.
A 3. For any s ≥ 0, the process α (s) satisfies for any p ≥ 1 and any t ≥ 0 with |t − s| < 1 that (6.8) where C p is a positive constant depending on p.
This assumption holds true if, for example, the coefficients a and b are bounded, or if X satisfies the conditions presented in Shimizu and Yoshida (2006) .
A 4. For any c ∈ (0, 1/2), there exists a constant δ > 0 such that
Condition A 4 is not so restrictive since (6.9) holds true if, for example, F is of polynomial order in a neighborhood of the origin and that the intensity λ is strictly positive. Moreover Condition (6.10) is also usually satisfied for a suitable estimatorÎ n with (6.5).
Lemma 6.3. Suppose Conditions A 1-A 4, and that h n < 1 for any n ∈ N. Then, for any c ∈ (0, 1/2), there exists a constant κ > 0 which is independent of n such that
Proof. Under A 4, for any δ > 0, c ∈ (0, 1/2) and large enough p ≥ 1, there exists a constant κ 1 > 0 which is independent of n such that, for each n ∈ N,
since J (κ 1 h c n ) is increasing in κ 1 for each n, where C p is a constant given in A 3. For the constants κ 1 and c in (6.12), it follows from Chebysev's inequality and A 3 that
Therefore, taking p large enough such that δ < p(1/2 − c) − 1, we find that the last term is less than 1. This implies by Lemma 6.1 that r (n) opt < κ 1 h c n . Similarly we also see thatL n (κ 2 h c n ; r (k−1) n ) ≤ 0 for a constant κ 2 > 0. Hence the statement holds for κ = κ 1 ∨ κ 2 .
Remark 6.2. Although the statement says for any c ∈ (0, 1/2), we can not take c = 1/2 since it may be that r
opt ≤ κh c n for sufficiently large n and any c ∈ (0, 1/2). However r
n for sufficiently large n.
Lemma 6.4. Suppose Conditions A 1-A 3, and fix any c ∈ (0, 1/2) and k, n ∈ N. Then it follows that
where κ is given in Lemma 6.3.
Proof. By the similar argument as in the proof of Lemma 6.3 and the constant κ given in the lemma, we see that n } k∈N is almost surely decreasing. Since it is bounded from the bottom, it converges to a limit γ n . Moreover, even if one chooses the pilot threshold as being too large, Lemma 6.4 ensures an improvement in the threshold. Indeed, Lemma 6.3 implies that r (1) n ≤ κh c n , which would be nearer to r
n . The validity (6.1) and the first half of the validity (6.2) is obtained by the following theorem. 
for any c ∈ (0, 1/2) and κ given in Lemma 6.3.
Proof. By Lemma 6.2 and 6.3, we can see that the sequence {r (k) n } k∈N is monotone and bounded. Therefore r (k) n converges to a limit γ n ≥ 0. For this γ n , we haveL n (γ n ; γ n ) = 0. If γ n = 0 then it must beL n (0; 0) = 0. However it contradicts thatL n (r; 0) = 2h −1 n > 0 for any r ≥ 0. Hence γ n > 0. The inequality γ n ≤ κh c n is clear by Lemma 6.3. Therefore we obtain (6.14).
The result (6.14) was also one of the validities stated in (6.3). Therefore we find that γ n is close to r (n) opt if the sample size n is sufficiently large, and we can check this phenomenon in the simulation results displayed in Section 5.
Let us consider the following quantity: (6.15) where α is a solution process to (3.1). If the distribution function of |α
s | for any t, s ≥ 0 is strictly increasing, or if the support of the probability density of |α
α (r 1 , r 2 ) for fixed n can be a distance between r 1 and r 2 .
Let us consider an estimator of the Lévy density f , and make a natural estimatorÎ n :Î n (r; s) := |z|≤rf n (z; s)dz.
In this case, we can estimate Ᏸ (n) α (γ n , r (n) opt ) as in the next theorem. Although this estimate says nothing about the direct estimate of the error ∆ n , this gives us indirectly the order conditions for γ n and r (n) opt which should be satisfied asymptotically; Condition (6.2).
Theorem 6.2. Suppose Conditions A 1-A 3, and letf n (z; r) :=f n (z; r) − f (z). Then
is valid for any c ∈ (0, 1/2) and κ given in Lemma 6.3.
Proof. First we suppose that r
opt and γ n , we have
Hence we obtain that
According to Jensen's inequality, it follows that
Taking the expectation in both sides, we obtain that
and Lemma 6.3 yields the consequence. When r (n) opt < γ n , the same argument as above holds since
Let us use the kernel density estimator proposed in Shimizu (2006) asf n : (6.16) where δ n satisfies δ d n = h δ n for a constant δ ∈ (0, 1/2), and K is a bounded kernel with some conditions described in Shimizu (2006) . If the true density f is bounded, then we find by rough estimate that sup z∈R d f n (z; γ n ) L 2 (P ) = O(h −(1+δ) n ) for any sequence γ n . Therefore we obtain from Theorem 6.2 that Noticing that c ∈ (0, 1/2) can be taken arbitrarily, we have
by taking c > δ. We state this fact as a corollary. Therefore L(r n ) > 0 for sufficiently large n, and Lemma 6.1 yields r (n)
opt > r n a.s. for sufficiently large n. Since we can take M n as an arbitrary sequence while M n → M ≥ 0, it follows that r In the general case where α (s) is a diffusion process (3.1), we suppose the following condition. see also Shimizu (2006) , andˆ n (r; r (k−1) n ) gives a good approximation of (r). Consequently, ∆ becomes almost zero, and this implies that finding the root of L n (r; r (0) n ) = 0 is similar to finding the root ofL n (r; r (0) n ) = 0 in the 1st-stage. The same argument is possible after that stage and the discussion in the previous section can be approximately applied to the case where (r) is unknown.
These are the empirical and intuitive explanations why our plug-in rule with unknown (r) works well. We need more rigorous study for the case where (r) is unknown. Moreover the case where the jump part is c(X t− )dz t , or more general cases should be also studied in the future.
